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ABSTRACT
There exist both continuum and lattice regularizations of gauge theo-
ries with fermions which preserve chiral U(1) invariance (\fermion num-
ber"). Such regularizations necessarily break gauge invariance but, in a
covariant gauge, one recovers gauge invariance to all orders in perturba-
tion theory by including suitable counterterms.
At the non-perturbative level, an apparent conflict then arises between
the chiral U(1) symmetry of the regularized theory and the existence of
’t Hooft vertices in the renormalized theory. The only possible resolution
of the paradox is that the chiral U(1) symmetry is broken spontaneously
in the enlarged Hilbert space of the covariantly gauge-xed theory. The
corresponding Goldstone boson is unphysical. The theory must therefore
be dened by introducing a small fermion-mass term that breaks explicitly
the chiral U(1) invariance, and is sent to zero after the innite-volume limit
has been taken. Using this careful denition (and a lattice regularization)
for the calculation of correlation functions in the one-instanton sector, we
show that the ’t Hooft vertices are recovered as expected.
1. Introduction and Conclusion
Every gauge theory coupled to massless fermions has an anomalous chiral current.
Representing all fermions by left-handed Weyl elds, the Noether current associated
with a common global U(1) rotation is classically conserved. At the one-loop level, a






trF ~F : (1.1)
For our notation see Appendix A. The group-theoretical constant c is additive. (Each
Weyl fermion in the fundamental representation contributes c = 1
2
. We will assume
the gauge symmetry to be non-anomalous throughout this paper.) One can also dene
a conserved but gauge non-invariant current
J^L = J
L












If a gauge-invariant regularization is used, the gauge-invariant, non-conserved current
JL is dened (up to a Z factor) by the fermion bilinear∑
i
 iL   
i
L : (1.4)
Here i runs over all the left-handed elds. In QCD-like theories, this applies in
particular to dimensional regularization as well as to the standard lattice regulariza-
tion [2, 3].
What happens if the regulator is chiral-U(1) invariant? The U(1) current will now
be conserved at the one-loop level. Therefore it must, when the cuto is removed,
coincide with the gauge non-invariant current J^L dened in eq. (1.2). (This is true
up to a term @H with H an anti-symmetric tensor.) Since, classically, the U(1)
Noether current is gauge invariant, this can only happen because the regularization
itself is not gauge invariant: a chiral-U(1)-invariant regularization is, necessarily, not
gauge invariant.
Does this observation imply that all chiral-U(1)-invariant regularizations must
be dismissed? To begin with, in perturbation theory the answer is no, provided
the action contains covariant gauge-xing (and ghost) terms. A covariant gauge
will be assumed throughout this paper. In the presence of a longitudinal kinetic
term, (@A)
2, the theory is renormalizable by power-counting without relying on
gauge invariance. The renormalization program reduces to an algebraic problem and
(provided the gauge symmetry is non-anomalous) one can restore gauge invariance to
all orders in perturbation theory by suitable counterterms (see e.g. ref. [4]).
Beyond perturbation theory, there is an apparent conflict between chiral U(1)
invariance of the regularized theory, and the fact that instanton-mediated amplitudes
violate the conservation of the chiral U(1) charge [5]. It has been pointed out long
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ago [6, 7, 8] that, in a covariant gauge, the breaking of chiral U(1) invariance can
be spontaneous in a technical sense. The reason is that the enlarged Hilbert space
of the gauge-xed theory can accommodate a new Goldstone boson. The latter is
unphysical since it originates from the K part of the current J^
L
 . If the regulator
is chiral-U(1) invariant there is, in fact, no other possibility. In this paper, we re-
examine this question in the context of a specic lattice-regularization method. Our
analysis reveals that a careful denition of the thermodynamical limit is necessary,
just as in the case of conventional spontaneous symmetry breaking. This general-
izes to continuum regularizations with chiral U(1) invariance such as, for example,
momentum-cuto schemes (see e.g. ref. [9]) or the dimensional-reduction scheme of
ref. [10].
The main motivation for our lattice-regularization method is that it may ulti-
mately provide a non-perturbative denition of (anomaly-free) chiral gauge theories.
These theories are notoriously dicult to regularize in a gauge-invariant way. In par-
ticular, dimensional regularization is not a gauge-invariant regulator in this case. A
gauge-invariant perturbative regularization for chiral gauge theories has been found
only recently in the context of lattice gauge theory [11, 12]. Beyond perturbation
theory, it is not known if non-abelian chiral gauge theories can be regularized in a
gauge-invariant manner. (For a review of recent work in this direction see ref. [13].)
According to the gauge-xing approach, chiral gauge theories are dened as the
continuum limit of a lattice theory whose action contains a covariant gauge-xing
term and counterterms [14, 15, 16, 17] (see also ref. [18] for a pedagogical presentation,
and ref. [19] for a recent review on lattice chiral gauge theories). Carefully chosen
irrelevant terms in the lattice action are essential for the existence and the continuity
of the phase transition where the continuum limit is taken. In the abelian case, we
showed that the lattice fermions are indeed chirally coupled to the gauge eld, and
that perturbation theory provides a valid description of the critical point [16].
A fully non-perturbative generalization of the gauge-xing approach to non-
abelian theories is not a simple task, since one has to confront the issue of Gribov
copies. This important problem will not be addressed here (see ref. [17] for recent
progress). Still, the method provides a consistent regularization in perturbation the-
ory, namely it generates a systematic expansion around the classical vacuum. By
invoking the familiar machinery of collective coordinates [5], it can be used to gen-
erate a systematic expansion around other classical solutions. In particular, it is
possible to carry out an analytic calculation in an instanton background. This allows
us to address the question, rst raised in ref. [20], of how fermion-number violating
processes are realized in the gauge-xing approach.
Let us explain the issue in more detail. The simplest chiral fermion action used
in the gauge-xing approach (the so-called chiral Wilson action) utilizes a set of
right-handed spectator elds iR, one per each left-handed eld  
i
L. The role of the
spectators is to avoid fermion doubling on the lattice [2, 3, 21]. Thanks to a fermion-
shift symmetry they can be proven to decouple in the continuum limit [22].
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R +   ) ; (1.5)
is exactly conserved on the lattice (the dots stand for lattice terms with no continuum
counterpart, see Appendix C for the precise denition). Since the lattice action is not
gauge (nor BRST) invariant in the gauge-xing approach, the conservation of JL;latt
is consistent with our earlier general comments. Following ref. [23], we have veried
through an explicit one-loop lattice calculation [24] that the current JL;latt indeed
reduces in the continuum limit to the current J^L dened in eq. (1.2).
The perturbative results of refs. [23, 24] are, however, not enough to resolve the
following puzzle, that we will refer to as the Banks paradox [20]. On a nite lattice,
there is an equal number of d L and d L Grassmann integrals (as well as dR and
dR ones). Also, each term in the lattice action (that yields the conserved current
JL;latt ) has one  L or R, and one  L or R eld. Therefore a fermion correlation
function can be non-zero only if the number of  L and R elds is equal to the number
of  L and R elds. This is true for any nite lattice spacing a, and therefore also
in the continuum limit a ! 0. Moreover, in the continuum limit the numbers of R
and R elds must by themselves be equal, since the spectator eld decouples [22].
Hence the numbers of  L and  L elds must be equal too. We have thus reached the
paradoxical conclusion that, even though the lattice-fermion spectrum is chiral [16],
all fermion-number violating amplitudes vanish! In other words, ’t Hooft vertices [5]
do not seem to occur. If the gauge-xing approach would be utilized to dene a
vector-like theory such as massless QCD, the same reasoning would seem to lead
to the erroneous conclusion that the U(1) axial charge is conserved in all physical
processes.





to the lattice action. Unequal numbers of  L and  L elds can then (in appropriate
cases) be compensated by insertions of the mass term. The original lattice-fermion
action corresponds to the limit m ! 0 (m denotes generically the magnitude of the
mass terms), but fermion-number or axial-charge violating amplitudes can remain
non-zero provided they behave like m=m in the limit m ! 0. We would not expect
such behavior in a nite volume. In a nite volume, the smallest energy gap appearing
in a denominator is proportional to some inverse power of the linear size. If the linear
size is xed, the ratio of m to the energy gap will vanish for m! 0, and no 1=m-like
behavior will occur.
This argument suggests that an \m=m" behavior is possible in infinite volume. In
fact, it is characteristic of spontaneous symmetry breaking (SSB). In order to assess
the relevance of SSB, it is useful to consider a suitable Ward identity. Fermion-number
violating processes take place in the instanton sector thanks to the existence of q 6= 0
fermionic zero modes, all having the same handedness (by convention, left-handed).
This results in a non-zero expectation value, for example, for any gauge-invariant local
operator O(x) = O( iL(x)) made of a product of q left-handed elds which saturate
the zero modes. At the same time, hOi is subject to the following U(1) Ward identity
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(p) = hOi = q hOi : (1.6)
The Ward identity holds in the regularized theory as well as in the continuum limit.
(On the lattice, the p factor on the left-hand side is modied by O(ap
2) terms.)
There is no room for an anomalous term since the current JL;latt is exactly conserved
on the lattice. Taking the zero momentum limit, p ! 0, we conclude that since
hOi 6= 0, a massless pole must exist in the correlation function on the left-hand side
of the Ward identity: the lattice fermion-number symmetry is broken spontaneously,
and an (unphysical) Goldstone boson exists [6, 7, 8].
The introduction of a small mass term might look at rst sight as an ad-hoc
prescription. In fact, it is necessary because the Hilbert space of the gauge-xed
theory describes a spontaneously broken chiral U(1) symmetry. The mass term plays
the role of an \external magnetic eld" that must be kept non-zero while taking the
innite-volume limit to avoid violation of clustering. We comment in passing that the
\physicist’s proof" of the index theorem, as given for example in ref. [7], also utilizes
an \m=m" limit in an essential way.
In this paper we calculate innite-volume fermion correlation functions on the
lattice for a smooth instanton background eld. Starting from a lattice-fermion ac-
tion with an additional, small, mass term that breaks explicitly the unphysical U(1)
symmetry, we show that the ’t Hooft eective interaction is recovered by rst tak-
ing the continuum limit a ! 0 and then sending m ! 0. The \m=m" nature of
fermion-number and axial-charge violating amplitudes is manifest in our calculation.
We carry out the calculation in the semi-classical approximation, which is valid deep
in the euclidean region.
The paper is organized as follows. In order to minimize group-theoretical techni-
calities, we begin in Sect. 2 with one-flavor QCD where, instead of the usual gauge-
invariant lattice denition, we dene the theory via the gauge-xing approach in the
special case that the (left-handed) fermion spectrum happen to contain one eld in
the fundamental representation and one eld in the complex conjugate one. In Sect. 3
we work out the anomaly-free SO(10) theory as the prototype of a truly chiral gauge
theory. A discussion is given in Sect. 4. Notations are listed in Appendix A, elements
of SO(10) group theory are discussed in Appendix B, and lattice denitions are col-
lected in Appendix C. A general procedure for the construction of a propagator in
the presence of approximate zero modes is described in Appendix D.
2. One-flavor QCD using the gauge-xing approach
We begin with the simple example of one-flavor massless QCD, an SU(N) gauge
theory coupled to one Dirac fermion in the fundamental representation. The anomal-
ous current of eq. (1.1) is in this case the axial current. Let us recall what the ’t Hooft
interaction of this theory is. In a xed instanton background, the massless contin-
uum Dirac operator =D has one left-handed zero mode u = PLu. Therefore the Weyl
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elds  L and  R each have a zero mode. (Note that this means a total of two zero
modes according to the counting above eq. (1.6). In an anti-instanton background,
the Weyl elds with zero modes are  R and  L.) The basic axial-symmetry violating
correlation function is 〈
 L(x) R(y)
〉
= u(x) uy(y) Det0 ; (2.1)
where the expectation value denotes Grassmann integration only, and Det0 is the
(UV-regulated) fermion determinant with the zero mode removed. Our objective will
be to recover this result starting from a lattice action with chiral U(1) invariance.
The remaining step in a complete semi-classical calculation is the integration over
the gauge and ghost elds. This raises no new conceptual issues and therefore we will
skip the details. We recall that the integration (or lattice-sum) over the instanton
position recovers momentum conservation. The gaussian integration over the non-
zero gauge, fermion and ghost fluctuations leads to the replacement of the lattice’s
bare instanton action, 82=g20, by the renormalized one, 8
2=g2r(), where  is the
instanton’s size.
One-flavor QCD has a gauge-invariant lattice denition. When using ordinary
Wilson fermions, the lattice fermion action is not invariant under axial transforma-
tions, and the paradox described in the introduction does not arise. (In the continuum
limit one reproduces the chiral anomaly [3], while non-singlet axial symmetries are
recovered [25].) In principle, it should be possible to dene one-flavor QCD using
the gauge-xing approach, too. While this has many disadvantages compared to the
gauge-invariant denition, it has the interesting property that the paradox described
in the introduction occurs. By working out one-flavor QCD we are able to address,
with minimal group-theoretical technicalities, the main issue of this paper | how a
global symmetry of the lattice path integral can be broken in the continuum limit.
The lattice construction of the chiral Wilson action begins with enumerating the
left-handed elds of the target theory. For one-flavor QCD we have two Weyl elds
 L and  
c
L in the fundamental and anti-fundamental representations respectively. As
explained in the introduction, one also needs two right-handed spectator elds that
decouple in the continuum limit. These may be denoted R and 
c
R. In the case at
hand, we may take advantage of the Dirac nature of the target theory, and trade the
left-handed anti-fundamental eld with a right-handed fundamental one  cL !  R,
 
c
L !  R. With a similar tradeo for the corresponding spectator eld, the lattice
fermion action density can be written in the following matrix form
(






0 m D^ −a2 2^
−a
2 2^ D^ m 0











We use hats to denote lattice derivatives. (For the precise denitions of lattice deriva-
tives and currents see Appendix C.) Observe that the middle two-by-two block in the
above matrix operator resembles the massive continuum Dirac operator.
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For orientation, we recall that in the conventional denition of Wilson fermions
there are of course no spectator elds, and covariant Wilson terms are placed in the
same block-entries as the mass terms in the above expression. This removes the
doublers in a gauge invariant way, while chiral symmetry is lost.
In order to later accommodate truly chiral gauge theories, the doublers are re-
moved here by introducing spectator elds and coupling them to the original fermions
via the (free) lattice laplacian 2^. Since the Wilson terms now couple elds with dier-
ent gauge-transformation properties, they lead to breakdown of gauge invariance [26].
In lattice perturbation theory gauge invariance is regained by adding suitable coun-
terterms, and the renormalized diagrams describe one interacting Dirac eld, the
quark, and one free Dirac eld, the spectator. As is usually the case for symmetries
broken by the lattice regularization, the above is true provided the external momenta
are vanishingly small in lattice units. The choice of a free lattice laplacian in eq. (2.2)
implies the shift symmetry of the spectator eld [22], which reduces considerably the
number of counterterms. In particular, there are no counterterms of the form  R L,
etc.
Let us now examine the U(1) symmetries of the action (2.2). Dropping both
the Wilson and the mass terms, the action would be invariant under four separate
U(1)’s | a fermion-number symmetry for each Weyl eld. With the Wilson terms
in place, the action is still invariant under two U(1)’s. Finally, for m 6= 0, only the
invariance under a common U(1) rotation is left. This invariance corresponds to the
baryon-number symmetry of QCD.
The additional U(1) symmetry at m = 0 transforms L and  R with (say) charge
+1, and R and  L with charge −1. This is the chiral symmetry that leads to the
Banks paradox [20]. The existence of this lattice symmetry would seem to lead to
the (erroneous) conclusion that the axial charge is conserved in massless (one-flavor)
QCD. As mentioned in the introduction, refs. [23, 24] already showed that the anomaly
appears in the triangle diagram as expected. But this still does not explain how the
axial charge is not conserved in physical processes.
We will now answer this question through an explicit calculation. We consider a
xed, smooth (latticized) instanton background. We compute the lattice-fermion two
point function in this background for (small) m > 0. Taking the continuum limit,
and then sending m! 0, we nd that the ’t Hooft interaction (2.1) is recovered.
We start with a continuum regular-gauge instanton eld A(x) whose size  is
very large in lattice units,   a. (Singular-gauge instantons are suppressed in the
gauge-xing approach by the irrelevant terms in the lattice action, see Appendix C.)
The lattice gauge eld may be dened as U(x) = exp(iaA(x)). This is a smooth
conguration. It is easy to check that U(x)− I = O(a=) and U(x)− U(x+ ^) =
O((a=)2). Denoting the matrix operator in eq. (2.2) by M one has
M−1 = (MyM)−1My : (2.3)
The fermion propagator, M−1, exists since M has no exact zero mode. Yet M−1 has
a localized, smooth, large piece that accounts for the existence of an approximate zero
mode solution. We will now construct this large piece explicitly. (For a general dis-
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cussion of propagators in the presence of approximate zero modes, see Appendix D.)
Let
2 = hujMyMjui : (2.4)
In this section jui stands for some lattice discretization of the normalized continuum
zero mode. We may, and will, assume that the spectator-eld entries of jui are all
zero. The vector jui fails to be a zero mode of the lattice fermion matrix M both
because m > 0 and because of the \discretization errors" coming from a > 0. Thus
Mjui = O(a=2) +O(m) : (2.5)
A similar estimate holds for . The propagator may now be expressed as (compare
eq. (D.12))
M−1 = jui−2 hujMy +O(1) : (2.6)
This equation is consistent with MM−1 = M−1M = (x; y), where on the lattice
(x; y) is the Kronecker delta. (Since M0 = γ5M is hermitian, the right- and left-
inverses of the innite matrix M are equal.) Eq. (2.6) is all we need to know about
the lattice fermion propagator.
We now take the continuum limit, namely we send a ! 0 keeping everything
else xed. This includes m, the instanton’s size , and the momenta of the external
fermion legs. The discretization errors vanish and we have
Mjui ! ( =D +m)u = mu : (2.7)






u(x) uy(y) +O(1) : (2.8)
As explained in Appendix D, this operator equation is applicable only when acting on
states with a xed physical scale, or equivalently, with a vanishingly small momentum
in lattice units. For the fermionic determinant we have, after renormalization
lim
a!0 Det(M) = m(Det
0 +O(m)) : (2.9)
The explicit factor of m comes from the (approximate) zero mode, while the O(m)
terms account for the change in the continuous spectrum due to m (see Appendix D











Finally, taking the limit m! 0 we recover eq. (2.1).
Eq. (2.10) reveals the \m=m" nature of the ’t Hooft interaction. In retrospect, we
see that the lattice has played little role, because lattice artifacts become negligible
for a=2  m. The essential steps, which could have been done from the outset in the
continuum, include the introduction of a mass perturbation m and the limit m! 0.
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Our instanton calculation was done in the semi-classical approximation, as is
routine in the continuum. Since we have somewhat expanded its scope by using a
specic lattice-regularization method, we will briefly review the justication for the
semi-classical approximation.
Consider a fermion-number violating amplitude in momentum space. We assume
that only a minimal number of fermions, and no other particles, occur on the external
legs. (Here we wish to avoid the controversy about whether the fermion-number
violating cross section could become large at very high energies due to multi-boson
nal states.) The saddle point sp of the integration over the instanton’s size is
determined by the generic virtuality Q2 of the external legs. (For 2  Q−2 the
integrand is damped by the fermion wave-functions.) If Q2 is much larger than
the connement scale, the running coupling gr = gr(sp 
p
Q−2 ) is small. This
justies the use of the one-instanton (or dilute-gas) approximation. In one-flavor
QCD, it amounts to calculating the axial-symmetry breaking part of the (inverse)
quark propagator for large Q2, cf. eq. (2.1).
Ultimately, the most visible consequence of the anomaly in one-flavor QCD is
that the lightest pseudo-scalar state (the \0 meson") is not light compared to the
connement scale (see e.g. ref. [8]). The chiral-symmetry breaking eect obtained
from the semi-classical instanton calculation is much smaller since it is controlled by
the small parameter exp(−82=g2r(sp)). We resort to this deep euclidean regime,
because only there are we able to apply analytic methods to accurately calculate the
consequences of the anomaly.
The above considerations have to do with the asymptotically-free nature of the
Yang-Mills coupling, and therefore they are completely independent of the regular-
ization method. Moreover, our explicit calculation has demonstrated that no uncon-
trolled lattice artifacts occur. Finally, we note that the discretization of regular-gauge
instantons does yield gauge-eld congurations that fail to satisfy the lattice Yang-
Mills equation of motion, but only by a small amount O(a=sp). Instanton-sector
Feynman rules that generate a systematic expansion in g2r(sp) can be derived in the
presence of an approximate classical solution, see e.g. ref. [27].
3. Chiral gauge theories
The lesson of the previous section is that an ’t Hooft vertex can be interpreted
as an order parameter for the spontaneous breaking of the U(1) chiral symmetry in
a regularization scheme where chiral (but not gauge) invariance is preserved. The
introduction of a small mass term, which is sent to zero after the innite-volume
limit was taken, provides the necessary coupling to an \external magnetic eld" and
allows the expectation value of an ’t Hooft vertex to be non-zero. This reasoning is
valid both in the continuum and on the lattice, if one uses the gauge-xing approach.
The generalization of the previous calculation to ’t Hooft vertices that violate the
fermion-number symmetry of a chiral gauge theory is straightforward. Starting from
the lattice theory, a mass perturbation that lifts the fermionic zero modes will again
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allow us to keep the (approximate) zero modes under control while taking the con-
tinuum limit. Performing next the limit m! 0, we will recover the ’t Hooft vertices
as before. The only step which may not be obvious, is that a mass perturbation that
lifts all zero modes exists in the continuum.
In this section we demonstrate the existence of the necessary mass perturbation by
working out the example of an SO(10) chiral gauge theory. (Attempting to construct
the necessary mass perturbation for the most general anomaly-free chiral gauge theory
may be tedious, and the SO(10) example is general enough to encompass the Standard
Model as well as the most popular Grand Unication schemes.) In a one-generation
SO(10) theory the Weyl fermions reside in the complex 16 representation. We
introduce covariant derivatives (M;N = 1; : : : ; 10)
D = @ + iA
MN
 MN ;








[ΓM ;ΓN ] =
1
2
(1 + Γ11)MN +
1
2
(1− Γ11)MN : (3.2)
We use the 32 by 32 representation of the ten-dimensional gamma matrices given in
Appendix B. The (continuum) lagrangian is
L =  L D  L : (3.3)
In an instanton background there are four left-handed zero modes, one for each
quark or lepton. We will show that a suitable mass term lifts all four zero modes. To




  C  TL
 L

 ; Ψ = (  L  TL  C ) ; (3.4)
satisfying
Ψ  ΨT C4 C ; (3.5)
where  is the anti-symmetric two-dimensional tensor and C4 is the four-dimensional
charge conjugation matrix (see Appendix A). The 16 by 16 matrix C, which is related
to the ten-dimensional charge-conjugation matrix, is dened in eq. (B.3). It satises




ΨD0 Ψ ; (3.6)
where






Note that Dy0 6= −D0: unlike the QCD case, D0 is not anti-hermitian. One can show
that
Dy0C4C = C4CD0 : (3.8)
10
Appendices A and B contain a number of useful relations which have been used above.







 TL C L +  L C TL
)
: (3.9)
The mass term breaks explicitly the fermion-number symmetry and, in the limit
m ! 0, provides the \seed" for spontaneous symmetry breaking. (The mass term
also breaks the chiral gauge invariance, see below.) The fermion operator becomes
D(m) = D0 +m: (3.10)
Eq. (3.8) holds for D(m) too.
We will soon prove that D(m) has no zero modes, for m 6= 0. But rst, we give
a simple physical explanation why this should be expected. Observe that
C ⊗ I = −i C10 Γ10 ;
where I is the two-by-two identity matrix. Introducing a 32-component spinor Ψ0
whose rst 16 components are equal to Ψ we may write
ΨΨ  ΨTC4CΨ = − i
2
(Ψ0)TC4C10 Γ10(1 + Γ11)Ψ0 : (3.11)
Because of Γ10, the mass term can be thought of as coming from the vacuum expec-
tation value of a Higgs eld in the 10 representation. This vacuum expectation value
breaks SO(10) down to SO(9). Since all spinor representations of SO(9) are real,
the fermions can acquire Majorana masses consistently with SO(9) invariance. More-
over, the sixteen-dimensional representation of SO(9) is irreducible, and therefore all
sixteen fermions acquire a Majorana mass.
We will now show in more detail that there are no exact zero modes for m 6= 0,
and that the fermion-number-violating ’t Hooft interaction is recovered in the limit
m ! 0. We describe the main steps here, relegating further technical details to
Appendix B. In order to obtain information on the fermion propagator for m 6= 0 we
will need the general formalism of Appendix D, which applies to hermitian operators.
In Sect. 2 the hermitian operator was a second-order one. Here we will consider the












Note that D(m) carries a four-component spinor index, and D(m) carries an eight-
component spinor index. Let us rst enumerate the zero modes for m = 0. There
are the four original left-handed zero modes ui that belong to the 16 and satisfy
D ui = 0. In addition, dene
vi = − C ui : (3.13)
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= 0 : (3.14)
Therefore the vi are left-handed zero modes of D
y
0 that belong to 16. The propagator
G0(x; y) is orthogonal to all eight zero modes and satises
D0 G0(x; y) = 4(x− y)− P(x; y) ; (3.15)




0 0 0 0
0 vi(x)v
y
i (y) 0 0
0 0 0 0





From these equations one can read o the relations satised by the chiral propagator:
D0G0(x; y) = 




4(x− y)− PL ui(x)uyi(y)PL :
The derivative acting to the left has a minus sign.
We now turn to m 6= 0. As explained earlier, the fermion-number symmetry is
broken explicitly. This is reflected by the fact that G(m) does not anti-commute with
γ5 (compare eq. (3.21) below). An inspection of eqs. (3.10) and (3.12) reveals that to
rst order, the mass perturbation can have non-zero matrix elements only between a
16 and a 16 zero-mode. Let
ij = hvijm juji = m hvijuji : (3.17)
We nd, using eq. (D.12),
G(m) = juii−1ij hvjj+O(1) : (3.18)
The rst term on the right-hand side is O(1=m). Furthermore, using eq. (3.13),
ij = m
∫
uTi  Cuj ; (3.19)
which implies that ij is antisymmetric. In the zero-mode sector, the Majorana-




ijkl ij kl : (3.20)
In Appendix B we prove that det () 6= 0 for (almost) every embedding of the instan-
ton in SO(10).
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Let us rst see what happens if we saturate two fermion elds  L(x) L(y) by the
O(1=m) part of the propagator. Using eqs. (3.13), (3.18), and noting the lower-right




By itself, this will give a vanishing result in the limit m ! 0 because det1=2() is
O(m2). Next consider saturating the product of four elds  L(x) L(y) L(z) L(w).

















The expression in parentheses is completely anti-symmetric in the four indices i; j; k; l.
(If we would try to saturate 2n fermion elds for some n > 2 with the O(1=m) part of
the propagator, the result would be identically zero due to the anti-symmetrization.)













= c ijkl ; (3.24)










This cancels against eq. (3.20), and, in the limit m! 0, one is left with
h L(x) L(y) L(z) L(w)i = ijkl ui(x)uj(y)uk(z)ul(w) Det0 ; (3.26)
which is the expected ’t Hooft vertex.
The mass term (3.9) breaks not only the unwanted fermion-number symmetry; it
also breaks chiral gauge invariance. This, however, does not lead to any disaster; in
fact, we know that in the UV-regulated theory the gauge symmetry is already bro-
ken by the regulator. The crucial point is that, in a covariantly gauge-xed theory,
the ultra-violet behavior of the vector-boson propagator is 1=p2 for all polarizations.
Consequently, the theory remains renormalizable even if terms that break gauge in-
variance are added.
Moreover, the addition of a mass term does not change the nature of the coupling
of the theory. The one-loop beta function is unaected by the mass term, and so the
theory is still asymptotically free. Also, provided we are careful to employ a mass-
independent renormalization prescription, universality of the renormalized coupling
should be preserved. The same considerations imply that the continuum limit of the
lattice theory should exist for m 6= 0, too. In the renormalized theory, a fermion-mass
term is expected to induce a vector-boson mass term, and so unitarity will be violated




The classically-conserved chiral U(1) symmetry is not preserved by any gauge-
invariant regularization, and in the quantized theory physical observables exist that
violate this symmetry. In this paper we have considered an important aspect of
regularization methods which are not gauge invariant but, instead, respect chiral
U(1) invariance. Our concrete motivation to do so is the gauge-xing approach to
(chiral) lattice gauge theories. We showed that even with a chiral-U(1) invariant
regulator, a careful treatment of the infra-red limit reproduces correctly the gauge
invariant, chiral-symmetry-violating ’t Hooft vertices. In essence, our conclusions are
as follows.
(I) Since the chiral U(1) symmetry is preserved by the regularization but is not
respected by physical amplitudes, it must be broken spontaneously. (II) Therefore,
in order to obtain the physical amplitudes, one should introduce a mass perturbation
that breaks the chiral symmetry explicitly, and take the limit m ! 0 in infinite vol-
ume. (III) The Hilbert space of the gauge-fixed theory will contain a corresponding
Goldstone boson, but it is unphysical, because it originates from an unphysical (gauge
non-invariant) current.
The second and third statements are closely tied to the rst one. When there
is SSB the thermodynamical limit should be dened by introducing an \external
magnetic eld" which is switched o after the innite-volume limit has been taken.
As for the existence of a massless pole, it is a consequence of locality and the Goldstone
theorem which, in the present context, has been noted before in refs. [6, 7].
The mass perturbation allows us to avoid the Banks paradox, namely the apparent
conflict between the symmetries of the regularized theory and of the physical ampli-
tudes. Starting from a gauge-xed lattice theory that has the unwanted chiral sym-
metry, we have demonstrated through explicit examples how this mechanism works
for the anomalous axial symmetry of QCD-like theories, and for fermion-number-
violating processes in chiral gauge theories.
The ’t Hooft vertices | the anomalous instanton-induced amplitudes | are char-
acterized by an \m=m" behavior in the limit m! 0. Obtaining the correct ’t Hooft
vertices is basically guaranteed once we have the correct number of (approximate)
zero modes. This is clear from the calculation of Sect. 2, and comes as no surprise.
More generally, since the zero modes correspond to the low end of the fermion spec-
trum, it should also come as no surprise that the situation is sensitive to infra-red
details such as having m 6= 0, nite versus innite volume, and choices of boundary
conditions. It is thus natural to treat a problem pertaining to the fermionic zero
modes by paying careful attention to the infra-red features of the theory.
We now discuss in some more detail the peculiar nature of SSB we are dealing
with here. The observations are, mostly, not new, and can be found in refs. [6, 7, 8].
But we feel that some of them have been sharpened by the concreteness of the lattice
regularization, and putting them together is important for a coherent physical picture.
Sending m! 0 after the innite-volume limit has correctly produced the ’t Hooft
vertices. But is there an independent physical principle that makes this order of
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limits mandatory? We have calculated correlation functions in the instanton sector,
namely in the sector whose topological charge is unity. Any sector with a xed
topological charge is a superposition of all the -vacua. Had the innite-volume limit
been taken while keeping m = 0, the -vacua would remain exactly degenerate and
clustering would have been violated. Indeed, this opposite order of limits would yield
a vanishing result for chiral-symmetry violating amplitudes. Yet this has no physical
consequences: the zero is obtained by building a coherent superposition of amplitudes,
but this superposition cannot be measured by any local observer.
In contrast, for any m 6= 0, however small, the vacuum energy density is a non-
trivial function of . In the innite-volume limit a single -vacuum (determined in
general by the phase of the mass perturbation) is selected by the euclidean time
evolution. This, in turn, guarantees the clustering property of all correlation func-
tions [6, 7].
Lattice simulations are usually performed with (anti-)periodic boundary condi-
tions. In the gauge-xing approach, this would project out the sector with topological
charge zero, because only regular-gauge instantons have a nite action for g0 ! 0 (see
Appendix C). In any numerical simulation one would have to keep m 6= 0 too. Pro-
vided m is small and the product of m times the linear size of the lattice is large,
one expects to recover the SSB correlation functions. (See e.g. ref. [28]. In a smaller
volume it may be necessary to explicitly sum over topological sectors. It should be
possible to dene the latter by invoking suitable twisted boundary conditions.)
Given a chiral U(1) Ward identity, should an \m=m" behavior be expected from
any other term except the symmetry-breaking expectation value? As a concrete
example consider the following momentum-space Ward identity in one-flavor QCD
with m 6= 0, as dened on the lattice via the gauge-xing approach (Sect. 2). For










In this equation, J latt5 is the conserved U(1) axial current in the limit m! 0, and   
and J5 are the local scalar and pseudo-scalar lattice densities. The expectation value
of   corresponds to the limit x = y in eq. (2.1). While in this limit the semi-classical
calculation ceases to be reliable, we take the non-zero result for the ’t Hooft vertex





The contribution of an approximate Goldstone boson to hJ5 J5i (p) should be
proportional to (p2 + vm)−1 where v is a dimensionful constant. The corresponding
contribution to the Ward identity goes like m=(p2 + vm) and vanishes in the limit
m! 0. The contribution of all other excitations to hJ5 J5i (p) should be less infra-red
singular. Therefore nothing that behaves like \m=m" should arise from hJ5 J5i (p), so
long as we are careful to keep the momentum not strictly zero. Indeed, sending p! 0
as a limit is an inherent part of the Goldstone theorem (see for example ref. [29]).










This equation is a special case of the Ward identity (1.6).
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The problem of fermion-number violation in lattice chiral gauge theories was
previously also addressed in ref. [30]. In the (axial) Schwinger model [31], these
authors examined a lattice-fermion hamiltonian that has a \superfluous" U(1) global
symmetry. They monitored the response of the fermion ground state to an adiabatic
evolution of the (abelian) gauge eld that changes the topological charge of the gauge
vacuum. They found that a U(1) charge of the anticipated amount is produced in
the process.
The clash between chiral-U(1) and gauge symmetry is at the heart of their argu-
ment. Because of the lack of exact gauge invariance at the lattice level, the initial and
nal bare vacua are not gauge-transforms of each other and their bare U(1) charges
are dierent. During the evolution the bare charge is necessarily conserved. But since
the bare charge of the ground state changes in the process, there is a corresponding
change in the normal-ordered charge dened with respect to the ground state.
The introduction of m 6= 0 in our work was necessary to control the infra-red
behavior of a dynamical gauge-fermion system that undergoes spontaneous symmetry
breaking of a peculiar nature. In contrast, in ref. [30] only the response of the spectrum
of the axial Dirac operator to an external gauge eld was considered, and so it was
not necessary to introduce the mass perturbation.
In conclusion, in this paper we have demonstrated convincingly that, in spite of
the chiral U(1) invariance of the lattice action in the gauge-xing approach, fermion-
number violating processes do occur, thus resolving the questions raised in ref. [20].
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Appendix A. Notation
















d4xF ~F : (A.3)
The hermitian gamma matrices obey the Dirac algebra
fγ ; γg =  ; γy = γ : (A.4)












 = (~; i) ;  = 
y
 = (~;−i) : (A.6)
The chiral projectors are
PR = (1 + γ5)=2 ; PL = (1− γ5)=2 : (A.7)
Charge conjugation matrices play a key role in the Majorana formulation of Sect. 3.
In any even dimension the charge conjugation matrix is dened by (see e.g. ref. [32])
Cγ = −γTC ; (A.8)
and satises C−1 = Cy = CT . In 8n + 2 and 8n + 4 dimensions, CT = −C, while in
8n+6 and 8n dimensions, CT = C. For the above four-dimensional gamma-matrices
the charge-conjugation matrix can be chosen as






It is unique up to a sign. The two-dimensional anti-symmetric tensor (with 12 = 1)
is






For any even dimension and  6=  one has
Cγγ = −γTCγ = γT γT C = (γγ)TC = −(γγ)TC : (A.11)
In four dimensions one has
Cγ(1 γ5) = [Cγ(1 γ5)]T ; (A.12)
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a relation which generalizes to 4n dimensions.
Appendix B. SO(10)-ology
We dene the ten-dimensional gamma matrices by the following tensor products
Γ1 = 1 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 ;
Γ2 = 2 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 ;
Γ3 = 3 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 ;
Γ4 = I ⊗ 2 ⊗ 1 ⊗ 1 ⊗ 1 ;
Γ5 = I ⊗ 3 ⊗ 1 ⊗ 1 ⊗ 1 ;
Γ6 = I ⊗ I ⊗ 2 ⊗ 1 ⊗ 1 ; (B.1)
Γ7 = I ⊗ I ⊗ 3 ⊗ 1 ⊗ 1 ;
Γ8 = I ⊗ I ⊗ I ⊗ 2 ⊗ 1 ;
Γ9 = I ⊗ I ⊗ I ⊗ 3 ⊗ 1 ;
Γ10 = I ⊗ I ⊗ I ⊗ I ⊗ 2 ;
Γ11 = I ⊗ I ⊗ I ⊗ I ⊗ 3 :
The ten-dimensional charge conjugation matrix is
C10 = i C ⊗ 2 ; (B.2)
where
C = 2 ⊗ 3 ⊗ 2 ⊗ 3 : (B.3)


















C MN = −TMN C = −MN C ; (B.5)
a relation which is needed for the derivation of eq. (3.8).





= −C4CGT (y; x)C4C : (B.6)
By taking a suitable limit, this generalizes to the case where D has exact zero modes
and G(x; y) is constructed from the non-zero modes only.
We now show that, for almost every embedding of an instanton in SO(10),
det () 6= 0 (cf. eq. (3.19)), i.e. the mass term of Sect. 3 lifts the four zero modes.
We will rst show that det () 6= 0 for a particular embedding. We introduce 16 by
16 matrices Si(l), i = 1; : : : ; 3, l = 1; : : : ; 4, dened to be tensor products of four two-
by-two matrices with i as the l-th factor and the identity for the rest. The SO(10)
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generators MN with M; N = 1; : : : ; 4, generate two SU(2) groups. For S3(2) = 1 we
label them SU(2)R;L.
Each zero mode is written explicitly as ui = u1234;i(x), where ; 1; 2; 3; 4 =
1; 2: Here  is the spin index. The other four indices correspond to the tensor prod-
uct that denes the SO(10) generators in the 16 representation. Assuming that the
instanton resides in e.g. the SU(2)L subgroup dened above, the zero modes have
S3(2) = −1 (equivalently 2 = 2). Their SU(2)L index is 1. Using the explicit
solution of the isospin one-half zero mode (for a regular-gauge instanton) we have
u1234;i(x) = N ;12;2O34;i f(x2) ; (B.7)
where f(x2) = (x2 + 2)−3=2 and N is a normalization factor. The constants O34;i
dene the four independent zero modes. We will label them by the eigenvalues of
S2(3) and S3(4). Replacing the index i = 1; : : : ; 4; by a pair of indices 1; 2 = 1; 2,
we take O34;12 = i(2)31(3)42 . In matrix notation, O = i2 ⊗ 3, and O
has similar properties to the four-dimensional charge-conjugation matrix. Putting
together eqs. (3.19), (B.3) and (B.7) we get
12; ′1 ′2 = −mN 2
∫
d4x f 2(x2) tr (2)
(





= m (i2)1 ′1(3)2 ′2 ; (B.8)
which proves det () 6= 0 for this special case. On the rst row, the explicit i2 ⊗ 3
comes from the last two factors in the tensor product (B.3), while tr 2 comes from
the rst factor in this tensor product, and the explicit  in eq. (3.19). The transition
from the rst to the second row implicitly denes the normalization constant.
Suppose now that a global rotation R 2 SO(10) is applied to the above special
embedding of the instanton. The new zero modes are u0i = Rui. We claim that
det ((R)) 6= 0 for almost every R. The proof is simple. Suppose on the contrary
that det ((R)) = 0 for every R in some open subset of SO(10). Since the embedding
and, hence, det () are analytic functions of R, this would imply that det () = 0
for all R. This, however, contradicts eq. (B.8) in the special case R = I. Therefore
det () = 0 may be true, at most, on a measure zero subset of SO(10).
Appendix C. Lattice formulae




(fx+ˆ − fx−ˆ) ;




(Ux; fx+ˆ − U yx−ˆ; fx−ˆ) ;




(fx+ˆ + fx−ˆ − 2fx) :
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Given a set of left-handed elds  iL and corresponding spectator elds 
i
R, the chiral






















where r is Wilson parameter. This action is invariant under a U(1) rotation of all
fermion elds
 iL ! ei iL ; iR ! eiiR ;  iL ! e−i  iL ; iR ! e−i iR : (C.2)































L;x+ˆ −  iL;x+ˆiR;x − iR;x+ˆ iL;x
)}
:
It satises the conservation equation
∑

(JL;lattx; − JL;lattx−ˆ;) = 0 : (C.4)
In the special case of one-flavor QCD let us introduce Dirac fermions  = ( R;  L),
 = ( L;  R),  = (R; L),  = (L; R). The axial transformation is
 ! e−iγ5 ; ! eiγ5 ;  !  e−iγ5 ; ! eiγ5 ; (C.5)





 xγ5γUx; x+ˆ +  x+ˆγ5γU
y
x; x
−xγ5γx+ˆ − x+ˆγ5γx (C.6)
−r
(
 xγ5x+ˆ − xγ5 x+ˆ −  x+ˆγ5x + x+ˆγ5 x
)}
:





(J lattx;5 − J lattx−ˆ;5) = −2mJx5 : (C.7)
The dierence operator on the left-hand side (the free backward derivative) becomes
(1 − exp(−iap))=a = ip + : : :, in momentum space. The local scalar and pseudo-
scalar lattice densities are  x x and Jx5 =  xγ5 x. As usual they are related by
an axial rotation. They do not mix with the corresponding spectator-eld densities
thanks to the shift symmetry [22].
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We now explain why singular-gauge instantons are suppressed on the lattice by
the gauge-xing action of ref. [33]. Recall that, in a singular gauge, the instanton’s
vector potential near the gauge singularity (located at x = 0) is A  (x)@y(x)=g
where (x) = x=jxj. The magnitude of this vector potential grows like 1=(gjxj).
On the lattice let us make the (bare-eld) rescaling Ax; ! A0x; = g0Ax;. Drop-
ping the prime, we expand the link variable as Ux; = exp(iaAx;). The gauge-xing




















plus irrelevant terms. Here 0 is the bare gauge-xing parameter and index summa-













The irrelevant terms break BRST invariance, and so there is no reason that regular-
gauge and singular-gauge instantons will have the same lattice action.
Consider now some lattice discretization of the singular-gauge vector potential.
Inevitably, the (rescaled) vector potential will be O(1=a) in the hypercube(s) contain-
ing the point x = 0 and the vicinity. For such a vector potential Ux; − I = O(1).
The positivity of expression (C.9) and (since there are innitely-many other irrelevant
terms) of the gauge-xing action as a whole [33], guarantees that the lattice action
will be an O(1) quantity times 1=g20. In the continuum limit g0 ! 0 any such lattice
conguration is suppressed.
Appendix D. Propagators in the presence of approximate zero modes
Consider a hermitian, Schro¨dinger-like operator H0 in a d-dimensional open in-
nite space. We assume that H0 has a number of zero modes, not necessarily separated
by a gap from the continuous spectrum. In this appendix the zero modes are denoted
by ui;0 (in the rest of the paper the zero modes are denoted by ui since there is no
room for confusion). This means that H0ui;0 = 0 and the ui;0 are square-integrable.
We assume the usual normalization hui;0juj;0i = ij . The propagator G0, which is
orthogonal to the zero modes, satises (repeated indices are summed over)
H0G0(x; y) = 
d(x− y)− ui;0(x) uyi;0(y) : (D.1)
We now consider a perturbation V where  is a small parameter, such that
H = H0 +V has no zero modes. The spectrum of H may or may not contain bound
states corresponding to the original zero modes. The new propagator G is dened by
the inhomogeneous equation
H G(x; y) = d(x− y) : (D.2)
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Our aim is to construct an approximation for the propagator G. We start with the
familiar perturbative relation
H jui;ni = juk;ni ki;n +O(n+1) ; (D.3)
which may also be written as
H jui;ni = juk;n−1iki;n +O(n+1) ; (D.4)
with perturbed eigenvalues
ij;1 = hui;0j V juj;0i ; (D.5)
ij;2 = hui;0j V − 2 V G0 V juj;0i ; (D.6)
and eigenfunctions
jui;1i = (1− G0 V ) jui;0i ; (D.7)
jui;2i =
(
1− G0 V + 2G0 V G0 V
)
jui;0i ; (D.8)
and so on. We will assume det (1) 6= 0, which implies that G cannot have any piece
that grows faster than 1=, and −1n = O(1=) for all n  1. Eq. (D.3) is valid even
if H has no exact bound states.
Our approximation for the propagator is
G1 = jui;1i−1ij;2 huj;1j+G0 : (D.9)
We claim that G − G1 = O(). It is easy to check that G1 satises eq. (D.2) up to
O(). We must also show that G − G1 = O() when acting on any state. For any
rst-order perturbed continuum state  1(x) this is true because hui;1j 1i = O(2). It
remains to check the action on ui;1(x). For the approximate propagator one has
G1 juj;1i = jui;1i −1ij;2 +O() : (D.10)
The O() terms have two sources. One is G0 juj;1i and the other is normalization: as
dened above, hui;1juj;1i = ij +O(2). For the exact propagator,





= GH jui;2i−1ij;2 +O() (D.11)
= jui;1i−1ij;2 +O() ;
as required. In the rst equality we used eq. (D.4) for n = 2. In the second equality
we used that G and −12 do not grow faster than 1=. In the last equality we used
eq. (D.2) and the fact that the dierence between ui;1(x) and ui;2(x) is O(
2).
Eq. (D.9) provides detailed information on the behavior of G for ! 0. For the
purpose of this paper we, in fact, only need the piece of the propagator that diverges
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in the limit  ! 0 where the zero modes become exact. Ignoring the O(1) terms in
eq. (D.9) one has
G = jui;0i −1ij;1 huj;0j+O(1) : (D.12)
There is one more technical issue to address. In this work, the absence of ex-
act zero modes (see Sect. 2) may be due to the mass perturbation, or due to the
lattice discretization (or due to both). Loosely speaking, the dierence between the
continuum and the lattice operators is something that one wishes treat as a \small
perturbation." This dierence is certainly not small when the operators act on states
of very high momentum, but it is small when they act on a smooth state such as the
zero mode of an instanton with size   a. Specically, in Sect. 2 we take H0 to be
(the square of) the massless, continuum Dirac operator for a regular-gauge instanton
of size , while H is (the square of) a lattice operator dened in terms of the same
instanton eld. Eq. (D.12) is applicable since the operators on both sides of the equa-
tion act on smooth states. Thus, depending on its source, the \O() error" means
O(m) or O(a=2), cf. eq. (2.5).
If the perturbation V (x) is localized (say, exponentially), the integrals appearing
in the above expressions always converge. But when V (x) contains a mass perturba-
tion, in general the integrals will not converge beyond a certain order. In this paper
we actually use only eq. (D.12), for which the problem never occurs. (In the instan-
ton sector of Higgs theories, for example, the problem usually does occur, and entails
logarithmic modications of the error estimates pertaining to eq. (D.9).)
In a semi-classical calculation we also have to separate out the approximate zero
modes’ contribution to the determinant. As discussed in detail in ref. [27], this can
be done by splitting the functional integration into separate integrations over the
amplitudes of the (approximate) zero modes, and over the orthogonal subspace. To
leading order, the integration over the zero modes’ subspace gives rise to just det (1),
while the integration over the orthogonal subspace has a non-vanishing nite limit
(after subtracting UV divergences) for ! 0.
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